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ALMOST NON-DEGENERATE ABELIAN FIBRATIONS
YING ZONG
1. Introduction.
Let S be an algebraic space and X an S-algebraic space. One says
that X is a non-degenerate S-abelian fibration if there is an S-abelian
algebraic space A such thatX is an A-torsor on S for the e´tale topology
in which case A is then the albanese of this fibration and hence is
uniquely determined. In the following §3 we define the notion for X
to be an almost non-degenerate S-abelian fibration and with each such
associate its albanese over its ramification S-stack and our goal is to
support the Principle : Non-uniruled abelian fibrations are almost non-
degenerate. This support is however very partial, as the purity theorem
below ([6] 4.5) on which our arguments at one step crucially rely fails
in positive or mixed characteristics :
If T is a locally noetherian regular algebraic space of residue char-
acteristics zero and if U is an open sub-algebraic space of T such that
codim(T − U, T ) ≥ 2, then the functor A 7→ A|U , from the category of
T -abelian algebraic spaces to the category of U-abelian algebraic spaces,
is an equivalence.
When the conclusion of this purity theorem holds, it suffices largely
to consider non-uniruled abelian degenerations over spectra of discrete
valuation rings, for which our results are in §4. The extension to the
global situation in characteristic zero with hypothesis of purity and
para-factoriality is in the last section §5. Besides some terminologies,
in §2 there is a write-up of Gabber’s theorem of purity of branch locus.
2. Rational curves, uniruled irreducible components, regular minimal
models and purity of branch locus.
Recall some terminologies.
Let k be an algebraically closed field.
A k-rational curve is by definition a separated integral k-scheme C
of finite type such that k(η) is a purely transcendental extension of k
of transcendence degree 1, where η denotes the generic point of C.
Let V be a k-algebraic space. One says that V does not contain
k-rational curves if every k-morphism from a k-rational curve C to V
factors as C → Spec(k)→ V for a certain k-point Spec(k)→ V of V .
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If an algebraic space V is quasi-separated locally of finite type over
k and does not contain k-rational curves, then the base change of V to
every algebraically closed extension k′ of k does not contain k′-rational
curves.
For a proper k-algebraic space V , saying that V does not contain
k-rational curves amounts to saying that every k-morphism from the
k-projective line to V factors through a k-point of V . Thus, as the k-
projective line is simply connected, if a proper k-algebraic space does
not contain k-rational curves, neither does its quotient by any finite
e´tale k-equivalence relation.
The following result of Murre and Chow, which has origin in one
of Zariski’s proofs of his Connectedness/Main Theorem, explains the
significance of non-existence of rational curves.
Lemma 2.1. — Let S be an algebraic space and T → S a morphism
to S from a connected locally noetherian regular algebraic space T . Let
X be a proper S-algebraic space whose geometric S-fibers do not contain
rational curves.
Then every S-morphism from a non-empty open sub-algebraic space
of T to X extends uniquely to an S-morphism from T to X.
Proof. This is [5] 2.6.

Let F be a finitely generated field over k. One says that F is
ruled over k or that F/k is ruled, if F has a k-sub-field K such that
Spec(F ) → Spec(K) is geometrically regular, that is, the extension
F/K is regular in the sense of Weil, and furthermore such that K⊗K F
is a purely transcendental extension of K, where K is an algebraic clo-
sure of K. One says that F is uniruled over k or that F/k is uniruled,
if F has a finite extension F ′/k which is ruled.
Let V be a quasi-separated algebraic space locally of finite type over
k, η a maximal point of V and Z the irreducible component of V with
reduced induced structure with generic point η. If k(η)/k is ruled (resp.
uniruled), one says that V is ruled (resp. uniruled) at η and that Z is
a ruled (resp. uniruled) irreducible component of V .
Lemma 2.2. — An abelian variety over an algebraically closed field
k does not contain k-rational curves and thus in particular is not unir-
uled. A connected smooth algebraic group over an algebraically closed
field is not ruled only if it is an abelian variety.
Proof. See [1] 9.2/4, 9.2/1.

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Let S be the spectra of a discrete valuation ring and t the generic
point of S. Let A be an S-abelian scheme and Xt an At-torsor on t for
the e´tale topology. Recall ([8], p. 82, line -2) that Xt with its At-action
admits a unique extension to an S-scheme X with an action by A such
that X is projective flat over S, regular and such that the morphism
A×S X → X ×S X, (a, x) 7→ (a+ x, x)
is finite surjective. The geometric S-fibers of X are irreducible and do
not contain rational curves. Following Ne´ron–Raynaud, one says that
X is the regular S-minimal model of Xt. The formation of regular
minimal models commutes with every formally smooth faithfully flat
base change S ′ → S of spectra of discrete valuation rings.
Lemma 2.3. — Let S be the spectra of a discrete valuation ring,
t the generic point of S, A an S-abelian scheme and Xt an At-torsor
on t for the e´tale topology. Assume that Xt extends to an S-algebraic
space X which is proper over S, regular and with an irreducible closed
S-fiber.
Then X is the regular S-minimal model of Xt.
Proof. Let s be the closed point of S and x the generic point of Xs.
Notice that X is connected and that there is an open neighborhood of
x in X which is a scheme ([9] 3.3.2). Let Y be the regular S-minimal
model of Xt. The identity Xt = Yt extends uniquely by (2.1) to an
S-morphism f : X → Y . Being proper birational, f maps x to the
generic point of Ys and induces an isomorphism between spectra of
discrete valuation rings
Spec(OX,x) →˜ Spec(OY,f(x)).
By the theorem of purity of branch locus (2.4) below, f is e´tale and
hence is an isomorphism.

The following theorem answers the question EGA IV 21.12.14 (v).
Theorem 2.4 (Gabber). — Let f : X → Y be a morphism, essen-
tially of finite type, from a normal scheme X to a locally noetherian
regular scheme Y such that f is essentially e´tale at all points of X of
codimension ≤ 1.
Then f is essentially e´tale.
Proof. When f is moreover finite, f is e´tale by SGA 2 X 3.4. It follows
that f is essentially e´tale at a point x ∈ X if it is essentially quasi-finite
at x. For, letting X(x) (resp. Y(f(x)), resp. f(x)) be the henselization of
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X (resp. Y , resp. f) at x (resp. f(x), resp. x), one can apply loc.cit.
to f(x) : X(x) → Y(f(x)), as f(x) is finite by Zariski’s Main Theorem.
So it amounts to showing that f is essentially quasi-finite. It suffices
to see that f is essentially quasi-finite at a point x ∈ X if it is at all
generalizations of x.
One may assume that X is local of dimension ≥ 2 with closed point
x, that Y is local with closed point f(x), that f |(X−{x}) is essentially
e´tale and that x = f−1(f(x)). Notice that f is essentially quasi-finite
at x if and only if the extension k(x)/k(f(x)) is finite.
— Reduction to the case where Y is excellent :
The completion Y ′ of Y along f(x) is excellent, so is X ′ = X ×Y Y
′,
and the normalization X ′′ of the excellent scheme X ′ is finite over
X ′. Write y′ for the closed point of Y ′ and let x′ be the unique point
of X ′ with image x in X and with image y′ in Y ′. The projection
X ′′ → X ′ restricts to an isomorphism over X ′ − {x′}, since X ′ − {x′},
being essentially e´tale over Y ′, is regular. It suffices to show that the
composition X ′′ → X ′ → Y ′ is essentially quasi-finite at a point x′′ of
X ′′ above x′. For then the extension k(x′′)/k(y′), a priori k(x′)/k(y′)
as well, is finite and hence the extension k(x)/k(f(x)) is finite.
— Assume Y excellent. Reduction to the case dim(X) = 2 :
One has dim(Y ) > 0. Let h ∈ Γ(Y,OY ) be part of a regular system
of parameters at f(x), let Y ′ = V (h) and let X ′ = V (hOX) = X×Y Y
′.
The normalization X ′′ of the excellent scheme X ′ is finite over X ′ and
the projection X ′′ → X ′ restricts to an isomorphism over X ′ − {x},
as X ′ − {x}, being essentially e´tale over Y ′, is regular. It suffices to
show that the composition X ′′ → X ′ → Y ′ is essentially quasi-finite
at a point x′′ ∈ X ′′ above x ∈ X ′, for the extensions k(x′′)/k(f(x))
and k(x)/k(f(x)) are then finite. Note that X ′′ is purely of dimension
dim(X)− 1, which is ≥ 2 if and only if dim(X) > 2.
— Assume Y excellent and dim(X) = 2. Then f !OY = OX :
Now Y being regular local, OY is a dualizing object on Y , so is
f !OY on X . As X being normal local of dimension 2 is Cohen–
Macaulay, f !OY has one only non-zero cohomology, say L, which is
Cohen–Macaulay, concentrated in degree, say d. Let U = X−{x} and
j : U → X the open immersion. Since f is essentially e´tale on U ,
(fj)!OY = j
!f !OY = j
∗f !OY = j
∗(L[−d]) = (L|U)[−d]
is canonically isomorphic to OU in D(U,OU). That is, d = 0 and
L|U is canonically isomorphic to OU . Such an isomorphism uniquely
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extends to an isomorphism from OX onto L = f
!OY , as profx(OX) =
profx(L) = 2.
— Assume Y excellent and dim(X) = 2. Then X is regular :
One has dim(Y ) > 0. Let h ∈ Γ(Y,OY ) be part of a regular system
of parameters at f(x), let Y ′ = V (h), i : Y ′ → Y the canonical closed
immersion, f ′ = f ×Y Y
′ : X ′ → Y ′, let the normalization of X ′ =
V (hOX) = X×Y Y
′ be p : X ′′ → X ′ and let f ′′ = f ′p : X ′′ → X ′ → Y ′
be the composition.
Notice that f : X → Y and i : Y ′ → Y are tor-independent over Y .
So, from the identity f !OY = OX , it follows that f
′!OY ′ = OX′ .
Notice next that f ′′ is essentially of complete intersection, for Y ′
is regular and X ′′, being normal of dimension 1, is regular. As f ′′ is
furthermore essentially e´tale at all points of X ′′ above X ′ − {x}, the
object f
′′!OY ′ has a unique non-zero cohomology in degree 0, which is
an invertible OX′′ -module, and there is a canonical homomorphism, the
fundamental class of f ′′, c(f ′′) : OX′′ → f
′′!OY ′ . This c(f
′′) corresponds
by duality to a morphism p∗OX′′ → f
′!OY ′ , which is injective and which
when composed with the canonical homomorphism OX′ → p∗OX′′ in-
duces the above identity OX′ = f
′!OY ′ , as one verifies at each point of
X ′ − {x} over which p is an isomorphism.
So OX′ = p∗OX′′ and X
′ is regular. So X is regular.
— Assume Y excellent, X regular and dim(X) = 2. Then f is
essentially e´tale :
Now f is essentially of complete intersection. Its cotangent complex
Lf is a perfect complex in D
[−1,0](X,OX). With Lf one associates a
canonical “theta divisor” homomorphism
θ : OX → det(Lf),
which, as f |(X − {x}) is essentially e´tale, is an isomorphism outside
x. As profx(X) = 2 and det(Lf) is an invertible OX -module, θ is an
isomorphism also at x. So f is essentially e´tale at x by the Jacobian
Criterion.

3. Almost non-degenerate abelian fibrations.
Definition 3.1. — Let S be an algebraic space. We say that an
S-algebraic space X is an almost non-degenerate S-abelian fibration if
there exists in the category of S-algebraic spaces a groupoid whose nerve
(X., d., s.) satisfies the conditions a) and b) :
a) X = Xo.
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b) d1 : X1 → Xo is the structural morphism of an Xo-abelian alge-
braic space with zero section so : Xo → X1.
If for every smooth morphism S ′ → S Coker(do×S S
′, d1×S S
′) = S ′
in the category of S ′-algebraic spaces, we say that X is a geometric
almost non-degenerate S-abelian fibration. If Coker(do×SS
′, d1×SS
′) =
S ′ holds in the category of S ′-algebraic spaces for every base change
S ′ → S, we say that X is a universal almost non-degenerate S-abelian
fibration.
We say that the S-stack [X.] defined by the groupoid X. is the rami-
fication S-stack of X.
By a morphism X → X ′ of almost non-degenerate S-abelian fibra-
tions, we mean a morphism of S-groupoids X. → X
′
. .
Given every such morphism f from X to X ′, f1 : X1 → X
′
1 is an fo-
homomorphism with respect to the abelian algebraic space structures
(d1, so,+) on X1/Xo and on X
′
1/X
′
o (“Geometric Invariant Theory”
6.4).
The isomorphism (“renversement des fle`ches”) X1 → X1 transports
to do : X1 → Xo from d1 : X1 → Xo an Xo-abelian algebraic space
structure with zero section so : Xo → X1.
The structural morphism X → S factors, which is the essence of
(3.1), as
X → [X.]→ S
in such a tautological way that the projection X → [X.] is a torsor for
the lisse-e´tale topology under an [X.]-abelian algebraic stack A veri-
fying A ×[X.] X = X1. We call A/[X.] the albanese of X/S, cf. [11]
7.2+7.3.
Notice that X/S is flat (resp. proper, resp. of finite presentation) if
and only if [X.]/S is flat (resp. proper, resp. of finite presentation).
For every S-algebraic space S ′, X ×S S
′ is an almost non-degenerate
S ′-abelian fibration with defining S ′-groupoid X. ×S S
′.
Let E be an algebraic stack. We say that an E-algebraic stack F
is an almost non-degenerate E-abelian fibration if there is a smooth
surjective morphism from an algebraic space S to E such that X =
F ×E S is an almost non-degenerate S-abelian fibration endowed with
a descent datum on its S-groupoid X. relative to S → E. We say that
F/E is geometric (resp. universal) if X/S is.
If the S-groupoidX. is simply connected with Coker(do, d1) = S, that
is, if [X.] = S, then X/S is a non-degenerate abelian fibration, namely,
a torsor for the e´tale topology under an S-abelian algebraic space. One
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says correspondingly that an almost non-degenerate abelian fibration
F/E as above is non-degenerate when F ×E S/S is non-degenerate.
4. Non-uniruled abelian fibrations over spectra of discrete valuation
rings.
Theorem 4.1. — Let S be the spectra of a discrete valuation ring, t
the generic point of S, s the closed point and s the spectrum of an alge-
braic closure of k(s). Let At be a t-abelian variety and Xt an At-torsor
on t for the e´tale topology. Assume that Xt extends to a separated faith-
fully flat S-algebraic space X of finite type such that not all irreducible
components of Xs are uniruled.
Then :
a) There is a spectrum t′ of a finite separable extension of k(t) such
that, if S ′ denotes the normalization of S in t′, At ×t t
′ extends to an
S ′-abelian scheme A′.
b) Exactly one irreducible component of Xs is not uniruled. In par-
ticular, Xs is irreducible if it does not have uniruled irreducible compo-
nents.
Theorem 4.2. — Keep the assumptions of (4.1). Assume further-
more that Xs is connected, proper and separable.
Then X is proper over S and normal, Xs has a unique non-uniruled
irreducible component, At extends to an S-abelian scheme A, the regu-
lar S-minimal model of Xt is an A-torsor F on S for the e´tale topology,
the canonical birational map from X to F is an S-rational map p whose
domain of definition contains all points where X is geometrically facto-
rial of equal characteristic or regular, p is e´tale at precisely the points of
Dom(p) outside the image in X of the uniruled irreducible components
of Xs and p
−1 extends to a proper S-birational morphism from F onto
X if Xs does not contain s-rational curves.
Corollary 4.3. — Keep the assumptions of (4.1). Assume further-
more that Xs is proper, separable and does not have uniruled irreducible
components and that X is at each of its geometric codimension ≥ 2
points either geometrically factorial of equal characteristic or regular.
Then At extends to an S-abelian scheme A and X is an A-torsor on
S for the e´tale topology.
Lemma 4.4. — Let S be the spectra of an excellent discrete valua-
tion ring with generic point t. Let S ′ → S be a surjective morphism to
S, essentially of finite type, from a local integral scheme S ′ of dimen-
sion 1 with generic point t′ such that the extension k(t′)/k(t) is regular
of transcendence degree d ≥ 1.
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Then there is an S-scheme So, which is the spectra of a discrete val-
uation ring and which is quasi-finite surjective over S, and there exists
a sequence of morphisms, Sd → Sd−1 → · · · → S1 → So, each of which
is smooth, surjective, purely of relative dimension 1, with geometri-
cally connected fibers, such that the normalization S ′′ of S ′ ×S So is
So-isomorphic to a localization of Sd. In particular, S
′′ is essentially
smooth over So.
Proof. This is [3] 2.13.

Lemma 4.5. — Let p : V → S be a morphism, essentially of finite
type, from a regular local scheme V of dimension 1 with closed point v
to a regular local scheme S of dimension > 1 with closed point s such
that p is birational and that p(v) = s.
Then k(v) has a sub-k(s)-extensionK such that the extension k(v)/K
is purely transcendental.
Proof. Recall the argument of Zariski. Let f : X → S be the blow up of
S along s (EGA II 8.1.3). Then X is regular (EGA IV 19.4.3, 19.4.4),
f is proper and there is one only S-morphism p1 : V → X by the
valuative criterion of properness. Write s1 = p1(v), S1 = Spec(OX,s1).
Denote the canonical morphism V → S1 again by p1. Blowing up S1
along s1 and localizing, one obtains similarly p2 : V → S2. Continuing
this way, one finds a projective system of regular local schemes “Lim←−−”
Si, indexed by N, with So = S, with each transition morphism being
birational, local and essentially of finite type. There is a unique S-
morphism (pi) : V → “Lim←−−” Si with po = p. Write sn for the closed
point of Sn, n ∈ N.
It suffices to show that the projective system “Lim←−−” Si is essentially
constant and has V as its limit. For, if n is the smallest integer such
that V = Sn, the extension k(v)/k(sn−1) is purely transcendental.
Let m denote the ideal of OS defining the closed point s. For every
coherent S-ideal I that is non-zero and distinct from OS, IOX is a
non-zero sub-ideal of mOX = OX(1) (EGA II 8.1.7). Thus
IOX ⊗X OX(−1) = IX(−1)
is a non-zero ideal of OX . Write I1 for the localization of IX(−1) at
s1. Then IOV is strictly contained in I1OV . If I1 is distinct from OS1
and if S2 is distinct from S1, one obtains as above an ideal I2 of OS2
such that I1OV is strictly contained in I2OV . As V is noetherian, this
process of producing ideals I1, I2, · · · from a given I eventually stops.
That is, for a certain integer N ≥ 1, either SN is of dimension 1 (thus
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is equal to V ) or IN = OSN . Assume that the latter case holds for each
coherent S-ideal I that is distinct from 0 and OS. For otherwise the
above assertion is already proven.
Choose aj , bj ∈ Γ(S,OS), ajOV = bjOV non-zero, j = 1, · · · , d,
where d = deg.tr.(k(v)/k(s)), such that the images of the fractions
a1/b1, · · · , ad/bd
in k(v) form a basis of transcendence over k(s). By the assumption just
made applied to the ideals ajOS, bjOS, there exists an integer Nj ≥ 1
for each j = 1, · · · , d such that either aj/bj or bj/aj is a section of OSNj
over SNj . Being invertible on V , aj/bj or equivalently bj/aj is invertible
on SNj . Hence, for an integer N ≥ 1, k(v) is algebraic over k(sN) and
V is essentially quasi-finite over SN . By Zariski’s Main Theorem, V is
isomorphic to SN .

4.6. Proof of (4.1).
See [11] §10 for an application of (4.1) b).
We reduce the proof to that of (4.2).
— Reduction to the case where S is strictly henselian :
If t denotes the spectrum of a separable closure of k(t) and if ℓ
is a prime number prime to the characteristic of k(s), the claim a)
is equivalent to the claim that the ℓ-adic monodromy representation
associated with the t-abelian variety At,
ρℓ,t : π1(t, t)→ GL(H
1(At,Qℓ)),
when restricted to an inertia subgroup relative to S, has finite image ([1]
7.4/5). For both assertions a), b), replacing S by its strict henselization
S(s) at s, X by X ×S S(s) and At by At ×t t
hs, where ths denotes the
generic point of S(s), one may assume that S is strictly henselian.
— Assume S strictly henselian. Reduction to the case where S is
complete :
Let S ′ be the completion of S along s, t′ the generic point of S ′ and
t′ the spectrum of a separable closure of k(t′) containing a separable
closure k(t) of k(t).
The projection t′ → t induces by SGA 4 X 2.2.1 an isomorphism
π1(t
′, t′) →˜ π1(t, t),
relative to which the proper base change isomorphism (SGA 4 XII 5.1)
H1(At,Qℓ) →˜ H
1(At′ ,Qℓ)
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is equivariant. Replacing S by S ′, X by X ×S S
′ and At by At ×t t
′,
one may assume moreover that S is complete.
— Assume S strictly henselian and complete. Reduction to the case
where X is a proper flat S-scheme :
Let the maximal points of Xs be x1, · · · , xn. There is an open neigh-
borhood V of {x1, · · · , xn} inX which is a scheme ([9] 3.3.2). Replacing
X by V , one may assume that X is a separated flat S-scheme of fi-
nite type. By Nagata, X admits an open S-immersion into a proper
S-scheme P . One may then replace X by its closed image in P and
assume that X is a proper flat S-scheme.
— Assume S strictly henselian, complete and that X is a proper flat
S-scheme. Reduction to the case where Xs is separable over k(s) :
Notice that X is integral. For, one has Ass(X) = Ass(Xt), as X
is flat over S (EGA IV 3.3.1). Notice also that S, being complete, is
excellent. Let the maximal points of Xs be x1, · · · , xn. By applying
(4.4) to the morphisms Spec(OX,xi) → S, one finds an S-scheme So,
which is the spectra of a discrete valuation ring and which is finite
surjective over S, such that the normalization ofX×SSo, Xo, is smooth
over So at all maximal points of the closed fiber of Xo/So. Again, at
least one irreducible component of the geometric closed fiber of Xo/So
is not uniruled. Observe that X/S verifies the claims a)+b) as long as
Xo/So does. Thus, replacing S by So, X by Xo and At by At ×t to,
where to denotes the generic point of So, one may assume that X is
smooth over S at all maximal points of Xs.
The fiber Xs is connected, as X is proper over S. To finish it suffices
to apply (4.2).

4.7. Proof of (4.2), (4.3).
See [11] 10.2 for an application of (4.3).
One may assume that S is strictly henselian.
Being separated faithfully flat over S of finite type with geometric
fibers proper and connected, X is by EGA IV 15.7.10 proper over S.
Moreover, asXs is separable, X is normal. And, the open sub-algebraic
space V of X consisting of all points at which X → S is smooth is S-
schematically dense in X .
Fix an S-section o of V (EGA IV 17.16.3) by means of which one
identifies Xt = Vt with At.
Consider a smoothening of X ([1] 3.1/1, 3.1/3), f : X ′ → X , which
is so constructed as the composition of a finite sequence of blow-ups
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with centers lying above the complement of V in X . Let W ′ be the
open sub-algebraic space of X ′ consisting of all points at which X ′ → S
is smooth. Naturally, V can be identified with an open sub-algebraic
space of W ′ and one has W ′t = Vt. Let d = dim(At). Choose a non-
zero section ω′ ∈ Γ(W ′,ΩdW ′/S) such that the support of the divisor
DivW ′(ω
′) is strictly contained in W ′s. Such a section ω
′ clearly exists
and is unique up to multiplication by a unit of Γ(S,OS).
The morphism W ′t = At, where the identification is provided by the
above section o, has a unique extension to an S-morphism
p : W ′ → A,
where A denotes the S-Ne´ron model of At.
In the language of Ne´ron models, W ′ is a weak S-Ne´ron model
of W ′t ([1] 3.5/1, 3.5/2). Its open sub-algebraic space U
′ = W ′ −
Supp(DivW ′(ω
′)) admits a canonical S-birational group law (loc.cit.
4.3/5) which extends the group structure of U ′t = At over t. And,
the restriction of p to U ′, p|U ′ : U ′ → A, is an S-schematically dense
open immersion, which solves the universal problem of extending the
S-birational group law of U ′ to an S-group law (loc.cit. 4.3/6, 5.1/5).
Let the maximal points of Xs be x1, · · · , xn. They lie in V and
can thus be considered as points of W ′. Notice that there is an open
neighborhood of {x1, · · · , xn} in W
′ which is a scheme ([9] 3.3.2).
Observe that if a point x among x1, · · · , xn belongs to V − U
′, that
is, if DivW ′(ω
′)x is not zero, then
p : Spec(OW ′,x)→ Spec(OA,p(x))
is not an isomorphism. This implies by (4.5) that Xs is uniruled at x.
Here we have denoted again by x the unique point of Xs that projects
to x in Xs.
By hypothesis there is at least one point of {x1, · · · , xn}, say x1, at
which Xs is not uniruled. One finds thus x1 ∈ V ∩ U
′ and that As is
not uniruled at p(x1). So As is an s-abelian variety (2.2). So A is an
S-abelian scheme, U ′s is irreducible, Xs is by (4.5) uniruled at all its
maximal points other than x1 and p is e´tale at precisely the points of
U ′.
IfXs does not contain s-rational curves, the rational map p
−1 extends
by (2.1) to an S-morphism, hence a proper S-birational morphism, from
A onto X .
Finally, being a trivial At-torsor, Xt has a trivial A-torsor F as
its regular S-minimal model. The assertion on the points where the
canonical birational map from X to F is e´tale (resp. is defined) follows
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by (2.4) (resp. (5.2)+(5.3) below). Recall (EGA IV 21.13.9, 21.13.11)
that a noetherian normal local scheme of dimension ≥ 2 is factorial
(resp. geometrically factorial) if and only if it is para-factorial (resp.
geometrically para-factorial) at all of its points (resp. geometric points)
of codimension ≥ 2. With the conditions of (4.3), such a birational map
is everywhere defined and is an S-isomorphism.

Lemma 4.8. — Let n, δ1, · · · , δn be integers ≥ 1 such that the great-
est common divisor of δ1, · · · , δn is 1. Let S be an algebraic space, A
an S-abelian algebraic space, X an A-torsor on S for the e´tale topology
and Si an S-algebraic space finite flat of finite presentation over S of
constant degree δi, i = 1, · · · , n. Suppose that X has sections over all
Si, i = 1, · · · , n.
Then X is a trivial A-torsor.
Proof. By considering A as PicoA∗/S, A
∗ being the dual abelian algebraic
space of A, one defines for each i = 1, · · · , n the norm homomorphism
Ni :
∏
Si/S
ASi → A.
The composition
A→
∏
Si/S
ASi
Ni−→ A
is equal to δiIdA, where
A→
∏
Si/S
ASi , x 7→ xSi = x×S Si
is the adjunction morphism associated with the pair of adjoint functors∏
Si/S
− , Si ×S −.
Let σi be a section of X over Si, i = 1, · · · , n, and choose integers
e1, · · · , en such that e1δ1 + · · ·+ enδn = 1. Consider the S-morphism
q : X → A, x 7→
n∑
i=1
ei.Ni(xSi − σi),
where xSi − σi denotes the unique local section ai of ASi satisfying
ai + σi = xSi. For each local S-section a (resp. x) of A (resp. X), one
has
q(a+x) =
n∑
i=1
ei(Ni(aSi)+Ni(xSi−σi)) = (
n∑
i=1
eiδi.a)+q(x) = a+q(x).
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Being thus an A-equivariant morphism between A-torsors, q is an
isomorphism.

Theorem 4.9. — Keep the assumptions of (4.1). Assume further-
more that Xs is connected, proper, of total multiplicity prime to the
characteristic of k(s) and that X is regular.
Then there is a non-degenerate abelian fibration F/E over an S-
algebraic stack E with E ×S t = t which extends Xt over t where E is
finite flat over S, tame along s and regular. The identity Xt = F ×EEt
extends to a proper S-morphism p from X to F which is e´tale at pre-
cisely the points outside the image of the uniruled irreducible compo-
nents of Xs. Such (F/E, p) is unique up to unique S-isomorphisms
and its formation commutes with every formally smooth faithfully flat
base change T → S of spectra of discrete valuation rings.
Theorem 4.10. — Keep the hypothesis of (4.9) except that X be
regular. Assume that X is at each of its geometric points either geomet-
rically factorial of equal characteristic or regular. Assume furthermore
that Xs does not have uniruled irreducible components.
Then X is regular and is a universal almost non-degenerate S-abelian
fibration and Xs does not contain s-rational curves. If A/E denotes
the albanese of X/S, the action of At on Xt extends uniquely to an
action on X by the S-Ne´ron model∏
E/S
A
of At.
4.11. Proof of (4.9).
— Case where S is strictly henselian :
Let t be the spectrum of a separable closure of k(t) and let η be a
geometric generic point of Xt. The projection Xt → X induces the
specialization homomorphism (SGA 1 X 2)
sp : π1(Xt, η)→ π1(X, η).
The image of sp is a normal subgroup of finite index ([9] 6.3.5) and its
associated monodromy representation
π1(X, η)→ Coker(sp) = G
corresponds by Galois theory to an X-algebraic space X ′ which is con-
nected and finite e´tale Galois over X with Galois group G.
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Let S ′ = Spec Γ(X ′,OX′), which is the spectra of a discrete valuation
ring. Let the generic (resp. closed) point of S ′ be t′ (resp. s′). Then
X ′t′ = Xt ×t t
′. By [9] 6.3.5+6.3.7, X ′s′ is of total multiplicity 1, k(s) =
k(s′) and G is cyclic of order equal to the total multiplicity δ of Xs,
as δ is prime to the characteristic of k(s) and X being regular has
geometrically factorial local rings.
Let the maximal points of X ′s′ be x
′
1, · · · , x
′
n and let Z
′
i be the closed
image of Spec(OX′
s′
,x′i
)→ X ′s′ in X
′
s′, i = 1, · · · , n. By [9] 7.1.2, for each
i = 1, · · · , n, there is a regular closed S ′-immersion S ′i →֒ X
′ such that
S ′i is finite flat over S
′ of rank equal to the total multiplicity δ′i of Z
′
i/s
′
and such that S ′i intersects X
′
s′ at one unique point of Z
′
i\
∑
j 6=iZ
′
j.
The greatest common divisor of δ′1, · · · , δ
′
n is by definition the total
multiplicity of X ′s′, that is, 1. Thus by (4.8) the (At ×t t
′)-torsor X ′t′ =
Xt ×t t
′ admits a t′-point; by means of one such t′-point, one identifies
X ′t′ with At ×t t
′.
Write W ′ for the open sub-algebraic space of X ′ which consists of
all points at which X ′ → S ′ is smooth. Each t′-point of X ′t′ uniquely
extends to an S ′-section of W ′, as X ′ is proper over S ′ and regular.
That is, W ′ is a weak S ′-Ne´ron model of W ′t′ = X
′
t′ ([1] 3.5/1). Let
d = dim(W ′t′). If one chooses a non-zero section ω
′ ∈ Γ(W ′,ΩdW ′/S′)
such that the divisor DivW ′(ω
′) has support strictly contained in W ′s′,
the open U ′ = W ′ − Supp(DivW ′(ω
′)) has an S ′-birational group law
which extends the group structure of U ′t′ = X
′
t′ = At ×t t
′ over t′.
One argues as in (4.7) that the S ′-Ne´ron model of At ×t t
′ is an S ′-
abelian scheme A′ and that the regular S ′-minimal model F ′ of X ′t′ is
a trivial A′-torsor. The identity X ′t′ = F
′
t′ extends uniquely by (2.1) to
an S ′-morphism p′ : X ′ → F ′, which is equivariant with respect to the
canonical action of G onX ′ and on F ′. Moreover, p′ is proper surjective
and is e´tale at precisely the points of U ′ and U ′ is the complement of the
image of the uniruled irreducible components of X ′
s′
, where s′ denotes
the spectrum of an algebraic closure of k(s′). The quotient of p′ by G,
p = [p′/G] : [X ′/G] = X → [F ′/G] = F,
is consequently proper and is e´tale at precisely the points outside the
image of the uniruled irreducible components of Xs. The projection
[F ′/G] = F → [S ′/G] = E
is a non-degenerate abelian fibration with albanese [A′/G] = A. The
algebraic stack E is finite flat over S, regular and tame along s, as S ′
is. Over t, one has E ×S t = [S
′
t/G] = [t
′/G] = t.
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The formation of (F/E, p) evidently commutes with every formally
smooth faithfully flat base change T → S of spectra of strictly henselian
discrete valuation rings.
It remains to characterize (F/E, p) up to unique S-isomorphisms.
Let (F ♮/E♮, p♮) be an alternative with albanese A♮. Let U = U ′/G be
the complement in X of the image of the uniruled irreducible compo-
nents of Xs. There is a unique U -isomorphism of U -abelian algebraic
spaces A♮×E♮U = A×EU extending the identity morphism of At×tXt.
For, the restriction functor from the category of U -abelian algebraic
spaces to the category of Xt-abelian algebraic spaces is fully faithful.
Let U ♮1 be the open sub-U -algebraic space of A
♮×E♮ U = A×E U = AU
which has image U ×E♮ U by the isomorphism
r♮ = (µ♮, p♮2) : A
♮ ×E♮ F
♮ →˜ F ♮ ×E♮ F
♮,
where p♮2 (resp. µ
♮) is the second projection (resp. represents the action
of A♮ on F ♮). Write U ♮
′
1 for the inverse image of U
♮
1 by the projection
A′U ′ → AU and write x
′ (resp. y′) for the generic point of U ′s′ (resp.
A′U ′ ×S′ s
′). Now U ♮
′
contains y′, and r♮ induces an S-morphism
(Spec(O
U♮
′
1
,y′
)⇒ Spec(OU ′,x′))→ (U ×E♮ U ⇒ U),
which in turn by quotient induces an S-morphism S ′ → E♮. This
latter is smooth surjective, since the composition U ′ → S ′ → E♮ is. As
both S ′ and E♮ are finite over S, S ′ → E♮ is finite e´tale surjective and
hence, for each integer n ≥ 0, cosqo(S
′/E♮)n is the normalization of S
in cosqo(t
′/t)n. So E
♮ = E. To prove that A♮ = A, it suffices to prove
the equality A♮×E S
′ = A×E S
′ = A′ and that the descent data on A′
relative to S ′ → E corresponding to A♮ and to A coincide. One has a
unique S ′-isomorphism of S ′-abelian algebraic spaces A♮×ES
′ = A×ES
′
which extends the identity morphism of A′t′ , for the restriction functor
from the category of S ′-abelian algebraic spaces to the category of t′-
abelian algebraic spaces is fully faithful. The coincidence of the two
descent data is deduced in the same way, since the restriction functor
from the category of abelian algebraic spaces over GS′ (resp. (G×G)S′)
to the category of abelian algebraic spaces over Gt′ (resp. (G × G)t′)
is fully faithful. The identity F ♮ = F follows by a similar argument
based on the uniqueness of regular minimal models. Finally, p♮ = p, as
one has (p♮ ×E S
′)|X ′t′ = (p×E S
′)|X ′t′ .
— General case :
Let S(s) denote the strictly henselization of S at s. Let π ∈ Γ(S,OS)
be a uniformizer and f : X → S the structural morphism. Notice that
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the cycle ∆ = f ∗DivS(π)/δ is integral, where δ denotes the total mul-
tiplicity of Xs, for ∆×S S(s) is on X ×S S(s). With ∆ one associates a
canonical µδ-torsor on X for the e´tale topology, X
′ → X , which after
the base change S(s) → S corresponds to the specialization homomor-
phism of fundamental groups above. In particular, it suffices to define
E to be [S ′/µδ], where S
′ is defined to be Spec Γ(X ′,OX′). There is
by quotient by µδ an S-morphism
[X ′/µδ] = X → [S
′/µδ] = E.
Let t′ be the generic point of S ′. One verifies after the base change
S(s) → S that the S
′-Ne´ron model of At×t t
′ is an S ′-abelian scheme A′
and that the regular S ′-minimal model of X ′t′ = Xt×t t
′ is an A′-torsor
F ′ on S ′ for the e´tale topology. On F ′ → S ′, µδ acts compatibly. The
non-degenerate abelian fibration
[F ′/µδ] = F → [S
′/µδ] = E
has albanese [A′/µδ] = A. The identity X
′
t′ = F
′
t′ extends by (2.1) to a
unique S ′-morphism p′ : X ′ → F ′. Write p = [p′/µδ], which is proper
and is e´tale at precisely the points outside the image of the uniruled
irreducible components of Xs. This (F/E, p) is unique up to unique S-
isomorphisms and its formation commutes with every formally smooth
faithfully flat base change T → S of spectra of discrete valuation rings,
as one verifies after the base change S(s) → S.

4.12. Proof of (4.10).
Keep the notations of (4.11). As Xs by hypothesis does not have
uniruled irreducible components, the morphism p′ : X ′ → F ′ is thus an
isomorphism (4.2) and X ′
s′
, hence Xs as well, does not contain rational
curves. Clearly, X = F is an almost non-degenerate S-abelian fibration
with ramification stack E and albanese A. This fibration is universal.
For, as δ is prime to the residue characteristics of S, the formation of
the quotient S ′/µδ commutes with every base change T → S.
Write
A =
∏
E/S
A,
which is the kernel of the diagram
(d∗o, d
∗
1) :
∏
S′/S
A′ ⇒
∏
S′′/S
A′′,
where S ′′ = µδ ×S S
′, d1, do : S
′′ → S ′ respectively denotes the second
projection and represents the action of µδ on S
′, and A′′ = A×E S
′′ =
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d∗oA
′ = d∗1A
′. In particular, A is a separated S-group scheme of finite
type, since both ∏
S′/S
A′,
∏
S′′/S
A′′
are separated S-group schemes of finite type ([1] 7.6/4). Moreover,
A(ths) = A(S(s)), where t
hs denotes the generic point of S(s), as A
′ is
an S ′-abelian scheme. Next, let T be an affine S-scheme and let To
be a closed sub-S-scheme of T defined by an ideal I with I2 = 0. By
applying the functor H0(µδ,−) to the exact sequence of µδ-modules
0→ Γ(T ×S S
′, I ⊗S Lie(A
′/S ′))→ A′(T ×S S
′)→ A′(To ×S S
′)→ 0
one obtains a surjection (δ invertible on S)
A(T ) = H0(µδ, A
′(T ×S S
′))→ A(To) = H
0(µδ, A
′(To ×S S
′)).
This shows that A is formally smooth over S. So A is the S-Ne´ron
model of At = At.
Write the action of At on Xt as µt : At ×t Xt → Xt. By (2.1) µt
uniquely extends to an S-morphism µ : A ×S X → X , as A ×S X is
regular connected and as Xs does not contain s-rational curves. The
S-binary law µ is associative and hence represents an action of A on
X , as At ×t At ×t Xt is dense in A×S A×S X and X is S-separated.

5. Non-uniruled abelian fibrations in characteristic zero. Purity.
Lemma 5.1. — Let S be a locally noetherian algebraic space and U
an open sub-algebraic space of S with profS−U(S) ≥ 2.
Then the functor A 7→ A|U , from the category of S-abelian algebraic
spaces to the category of U-abelian algebraic spaces, is fully faithful. It
is an equivalence if S is normal of residue characteristics zero and pure
along S − U (SGA 2 X 3.1), in particular, if S is regular of residue
characteristics zero.
Proof. The full-faithfulness of the functor A 7→ A|U follows by [4]
Proposition (1), 3). The assertion on the equivalence is [6] 4.2+4.5.

Lemma 5.2. — Let S be a noetherian local scheme with closed
point s. Let U = S − {s}. Let A be an S-abelian algebraic space with
structural morphism f and zero section e. Let A∗ = PicoA/S be the dual
S-abelian algebraic space of A with structural morphism f ∗ and zero
section e∗.
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Then the two following statements hold when A is para-factorial
(SGA 2 XI 3.1) along f−1(s) :
1) Each U-section of f ∗|U extends uniquely to an S-section of f ∗.
2) Each f |U-fiberwise numerically trivial invertible module on f−1(U)
rigidified along e|U extends uniquely to an f -fiberwise numerically triv-
ial invertible module on A rigidified along e.
Proof. Note that these two are the same statements. By the hypothesis
that A is para-factorial along f−1(s), one has profs(S) ≥ 2 and that
each invertible module L on f−1(U) extends up to unique isomorphisms
to a unique invertible module L on A. It is evident that L is f -fiberwise
numerically trivial (resp. has a unique rigidification along e extending
that of L along e|U) if L is f |U -fiberwise numerically trivial (resp.
rigidified along e|U).

Lemma 5.3. — Let S be a noetherian local scheme with closed point
s. Let X be an S-smooth algebraic space with structural morphism f .
Then X is para-factorial along f−1(s) in the following cases :
i) S is regular of dimension ≥ 2.
ii) S is of equal characteristic and geometrically para-factorial at s.
Proof. Let s be the spectrum of a separable closure of k(s) and S(s) the
strict localization of S at s. Recall that one says that S is geometrically
para-factorial at s if S(s) is para-factorial along s. Case i) is classical
and ii) is [2] III 2.14.

Definition 5.4. — Let S be an algebraic space and U an open sub-
algebraic space of S. We say that S is A-pure along S −U if for every
smooth morphism S ′ → S the functor A 7→ A|U ′, from the category
of S ′-abelian algebraic spaces to the category of U ′-abelian algebraic
spaces, is an equivalence, where U ′ = U ×S S
′. We say that S is
strictly A-pure along S −U if furthermore for every smooth morphism
S ′ → S with U ′ = U ×S S
′ and every S ′-abelian algebraic space A, each
U ′-section of A extends uniquely to an S ′-section of A. We say that
S is A-pure (resp. strictly A-pure) at a geometric point s if its strict
localization S(s) at s is A-pure (resp. strictly A-pure) along s
′, where
s′ is the closed point of S(s).
Example 5.5. — By (5.1) and by SGA 4 XV 2.1, if an algebraic
space S is of residue characteristics zero locally noetherian normal and
pure (SGA 2 X 3.2) at a geometric point s, then S is A-pure at s. If
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furthermore the strict localization S(s) is para-factorial along its closed
point, then by (5.2)+(5.3) S is strictly A-pure at s.
Lemma 5.6. — Let S be an algebraic space and U an open sub-
algebraic space of S such that S is strictly A-pure along S − U . For
i = 1, 2, let Ai be an S-abelian algebraic space and Xi an Ai-torsor on
S for the e´tale topology.
Then each U-morphism from X1|U to X2|U extends uniquely to an
S-morphism from X1 to X2.
Proof. The question being an e´tale local question on S, one may assume
the torsors Xi, i = 1, 2, to be trivial.
Each U -morphism q : A1|U → A2|U is the unique composite of
a translation (a2 7→ a2 + q(0)) and a U -group homomorphism p :
A1|U → A2|U (“Geometric Invariant Theory” 6.4). As by hypothe-
sis S is strictly A-pure along S − U , the U -section q(0) = σ and the
U -group homomorphism p extend uniquely to an S-section σ and an
S-group homomorphism p, hence the claim.

Proposition 5.7. — Let S be an algebraic space and U → X
an open immersion of S-algebraic spaces such that X is strictly A-pure
along X−U . Assume that on U there is given an almost non-degenerate
S-abelian fibration structure with defining S-groupoid U..
Then up to unique isomorphisms there exists a unique almost non-
degenerate S-abelian fibration structure on X with S-groupoid X. such
that d1 : X1 → Xo = X restricts to d1 : U1 → Uo = U on U .
Proof. As X is A-pure along X − U , there exist unique cartesian dia-
grams in the category of S-algebraic spaces :
U1
j′
//
d1

A′
f ′

U // X
U1
j
//
do

A
f

U // X
whose vertical arrows have abelian algebraic space structures. Let p′
(resp. p) denote the projection of A′ ×X A onto A
′ (resp. A). The
diagonal immersion
(j′, j) : U1 → A
′ ×X A
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satisfies
p′(j′, j) = j′, p(j′, j) = j.
— There is a unique section i′ of the abelian algebraic space structure
p′ such that i′j′ = (j′, j).
Indeed, as j′ is the base change of U →֒ X by the smooth morphism
f ′, A′ is strictly A-pure along A′−j′(U1). So (j
′, j), considered as a U1-
section of p′, extends uniquely to a section i′ of p′. That is, p′i′ = IdA′
and i′j′ = (j′, j).
— The following diagrams are commutative and cartesian :
U1
j′
//
d1

A′
f ′

U // X
U1
j′
//
do

A′
fpi′

U // X
which, from now on, we rewrite as :
U1 //
d1

X1
d1

Uo // Xo
U1 //
do

X1
do

Uo // Xo
Next, form the cartesian diagram :
X2
do
//
d2

X1
d1

X1
do
// Xo
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— There is a unique morphism d1 : X2 → X1 such that the following
diagram commutes and is cartesian :
X2
d1
//
d2

X1
d1

X1
d1
// Xo
Indeed, as U1 →֒ X1 is the base change of U →֒ X by the smooth
morphism d1,X1 is strictly A-pure alongX1−U1. By (5.6) the cartesian
diagram (SGA 3 V 1)
U2
d1
//
d2

U1
d1

U1
d1
// Uo
whose vertical arrows have abelian algebraic space structures has a
unique extension as above claimed, for one verifies that :
i) The base change of d2 : X2 → X1 by U1 →֒ X1 is d2 : U2 → U1.
ii) The base change of d1 : X1 → Xo by U1 →֒ X1
d1−→ Xo is the base
change of d1 : U1 → Uo by d1 : U1 → Uo.
— The above d1 : X2 → X1 fits into the following diagram which is
commutative and cartesian :
X2
d1
//
do

X1
do

X1
do
// Xo
For, X1 is strictly A-pure along X1 − U1 and one has similarly the
cartesian diagram :
U2
d1
//
do

U1
do

U1
do
// Uo
It is now immediate that one has obtained the desired S-groupoid X.
(cf. SGA 3 V 1).

Proposition 5.8. — Let S be a noetherian normal integral scheme,
t the generic point of S, At a t-abelian variety and Xt an At-torsor on t
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for the e´tale topology. Assume that, for each strict henselization S ′ of S
at a geometric codimension 1 point s, if t′ (resp. s′) denotes the generic
(resp. closed) point of S ′, Xt ×t t
′ extends to a separated S ′-algebraic
space X ′ of finite type such that X ′ is normal integral and at each of
its geometric codimension ≥ 2 points either regular or pure geometri-
cally para-factorial of equal characteristic and that X ′s′ is non-empty,
separable, proper and does not have uniruled irreducible components.
Then, if S is A-pure at all its geometric points of codimension ≥ 2,
there exists up to unique isomorphisms a unique S-abelian algebraic
space A extending At.
Proof. Recall that the formation of Ne´ron models commutes with strict
localization. Thus, the Ne´ron model of At at every codimension 1 point
of S is by (4.3) an abelian scheme. So, as S is A-pure at all its geometric
points of codimension ≥ 2, there is up to unique isomorphisms a unique
extension of At to an S-abelian algebraic space A.

Proposition 5.9. — Keep the notations of (5.8). Assume that S is
of residue characteristics zero pure at all its points of codimension ≥ 2
and that there is an open sub-scheme R of S which consists precisely
of all points of S where S is regular.
Then Xt extends to an A-torsor X on S for the e´tale topology. Such
an extension is unique up to unique isomorphisms if S is geometrically
para-factorial along S − R.
Proof. Note that S is by (5.5) A-pure at all its geometric points of
codimension ≥ 2. So (5.8) applies.
As the formation of regular minimal models commutes with strict lo-
calization, the regular minimal model ofXt at each codimension 1 point
s of S is by (4.3) a torsor for the e´tale topology under the localization
of A at s. As R is strictly A-pure at all its points of codimension ≥ 2,
there exist, by (5.6) and a “passage a` la limite”, an open sub-scheme
V of R with codim(R − V,R) ≥ 2 and an A|V -torsor Z on V for the
e´tale topology such that Z extends Xt.
This torsor Z is by [10] XIII 2.8 iv) of finite order. Namely, there
exist an integer n ≥ 1 and an nA|V -torsor P on V for the e´tale topology
such that
Z = P
nA|V
∧ A|V,
where nA = Ker(n.IdA).
As S is pure at all its points of codimension ≥ 2, thus in particular
pure along S − V , there is a unique finite e´tale S-scheme P which
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restricts to P on V . By the purity of S along S − V again, P is in a
unique way an nA-torsor on S for the e´tale topology and hence
X = P
nA
∧ A
extends Xt. Such an extension is by (5.6) unique up to unique isomor-
phisms if S is geometrically para-factorial at all its points of codimen-
sion ≥ 2, or equivalently, at all points of S − R.

Theorem 5.10. — Let S be an integral scheme with generic point t
and X an S-algebraic space with structural morphism f . Assume that
X is locally noetherian normal integral of residue characteristics zero
and at all its geometric codimension ≥ 2 points pure and geometrically
para-factorial. Assume furthermore that f−1(t) is a non-degenerate
t-abelian fibration and that, for each geometric codimension 1 point
x of X, f ×S S(s) is separated of finite type and flat at x and the
geometric fiber f−1(s) is proper and does not have uniruled irreducible
components, where S(s) denotes the strict henselization of S at s =
f(x).
Then there exists a unique almost non-degenerate abelian fibration
structure on f extending that of ft.
Proof. One applies (4.10), (5.5) and (5.7).

Proposition 5.11. — Keep the notations of (5.10). Let (X., d., s.)
denote the S-groupoid of X/S. Consider the following conditions :
1) f is proper, S is excellent regular.
2) f is proper, S is locally noetherian normal and at each of its points
satisfies the condition (W ) (EGA IV 21.12.8).
Then, if 1) (resp. 2)) holds, S is the cokernel of (do, d1) in the full
sub-category of the category of S-algebraic spaces consisting of the S-
algebraic spaces (resp. S-schemes) which are S-separated and locally
of finite type over S.
Proof. Let Z be an S-separated algebraic space locally of finite type
over S and p : X → Z an S-morphism satisfying pdo = pd1. As the
t-groupoid X.t is simply connected, pt : Xt → Zt factors through a
unique t-point, say σt, of Zt. It amounts to showing that when 1)
holds (resp. when 2) holds and Z is a scheme) such a t-point uniquely
extends to an S-section of Z.
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Replacing Z by the closed image of σt in Z, one may assume that
Z is integral and birational over S. In case 1), as p is dominant, X
normal and S excellent, one may by replacing Z by its normalization
assume that Z is normal.
As f is proper and Z is S-separated, p is proper and hence surjective.
It suffices to show that in case 1) (resp. 2) where Z is a scheme) Z is
e´tale over S (resp. Z → S is a local isomorphism at every point of Z).
For, being proper birational, Z → S is then an isomorphism.
When 1) holds (resp. when 2) holds and Z is a scheme), it suffices
by the theorem of purity of branch locus (2.4) (resp. the theorem of
purity of branch locus of van der Waerden, EGA IV 21.12.12) to show
that Z is S-e´tale at each geometric codimension 1 point z of Z (resp.
Z → S is a local isomorphism at each codimension 1 point z of Z).
Now each geometric maxmal point x of p−1(z) (resp. each maximal
point x of p−1(z)) is of codimension ≤ 1 in X , and the image of x (resp.
x) in S, which is also the image of z (resp. z), is of codimension ≤ 1 in
S by hypothesis. The projection Z → S being proper birational is an
isomorphism when localized at every codimension ≤ 1 point of S and
in particular is e´tale at z (resp. a local isomorphism at z).

5.12. Question :
In (5.11), does Coker(do, d1) = S hold in the category of S-algebraic
spaces?
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